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O P T I M A L  H E A T I N G  S U R F A C E  IN A M U L T I S T A G E  

C O U N T E R C U R R E N T  F L U I D I Z E D - B E D  H E A T  E X C H A N G E R  

A .  K.  V i s l o g u z o v  UDC 66.096.5-536.24 

Equations are  derived for  calculating the intermediate  t empera tures  of the heating medium 
such as to give the minimal total surface area  in a multistage countercur ren t  heat exchanger 
having tubes immersed  in a fluidized bed. 

Heat exchangers having surfaces  immersed  in fluidized beds are  increasingly being used in industry,  on 
account of the proper t ies  of fluidized beds such as high hea t - t r ans fe r  coefficient,  i so thermal  conditions in the 
bed, and absence of local  overheating.  

On the other  hand, the i so thermal  condition is a disadvantage, since it r e s t r i c t s  the maximum temper -  
ature of the cooling medium. The heat-balance equation for a one-s tage  exchanger is as follows (here and 
subsequently it is assumed that the heating medium passes  within the tubes,  while the cooler  medium passes  
through the bed): 

w (ti - -  t2) = 01 - -  02, (1) 

which goes with the condition for the tempera ture  difference between the heating fluid and the cooling one: 

t 2 ~ 01, (2) 

which gives an expression for the tempera ture  of the cooler  fluid in a one-s tage equipment; in the limiting case,  
for  t 2 = 01, the maximum tempera ture  in the cooler  medium is 

01m~x-- ~tl + 0, (3) 
l §  

One therefore  usually employs a multistage sys tem in o rde r  to ra ise  the final tempera ture  of the cooler  
medium. 

The gas tempera ture  falls in a single stage of a fluidized-bed heat exchanger,  while the tempera ture  of 
the bed remains  constant,  and therefore  one cannot say one has countercurrent  flow or  direct  flow in a single 
stage; however,  in a multistage sys tem it is possible to distinguish the two types.  

In a d i rec t - f low sys tem,  the two fluids enter the f i rs t  stage and pass in ser ies  through all s tages to 
emerge  f rom stage n. In the countercurrent  case ,  the two fluids enter  at opposite ends of the chain and move 
in opposite direct ions.  

Transla ted f rom Inzhenerno-Fizicheski i  Zhurnal,  Voi.31, No. 1, pp. 60-65, July,  1976. Original a r -  
ticle submitted May 7, 1975. 
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F i g .  1. S c h e m e  f o r  a m u l t i s t a g e  e o u n t e r c u r r e n t  f l u id -  
i z e d - b e d  hea t  e x c h a n g e r .  

H e r e  we c o n s i d e r  a c o u n t e r c u r r e n t  s y s t e m  a s  shown in F i g .  1. 

The  i n i t i a l  d a t a  fo r  the  d e s i g n  a r e  Wh, w c ,  t l ,  01, 0n+l ;  the  c a l c u l a t i o n  has  to p r o v i d e  the  a r e a s  F i and 
F of the  s u r f a c e s .  The  c a l c u l a t i o n  i s  b a s e d  on the h e a t - b a l a n c e  equa t ion  (4) and the  h e a t - t r a n s f e r  equa t ion  (5) 
f o r  e a c h  of  the  i n d i v i d u a l  s t a g e s :  

~h (t, - ti=,) = wo (0, - 0i+,),  ( 4 )  

wh(tl - -  ti-~-I) = KiFi  (ti - -  t~+,) (5) 
In t~--0~ 

ti+l - -  Oi 

F r o m  (5) we ge t  F i and F:  

F ~ =  Wh In t l - - 0 ~ ,  
K~ t~+t - -  0 i (6) 

The  t o t a l  s u r f a c e  a r e a  of a l l  hea t  e x c h a n g e r s  i s  

[ 1 i 1 - -  01 1 [~ - -  0 2 "~ F = XF~ = Wh ~ ~ -  In + - - -  + . . . .  In ] . (7) 

The  a r e a s  in the  p r e c e d i n g  e x c h a n g e r s  (along the pa th  of the  h o t t e r  m e d i u m )  d e c r e a s e  as  the  i n t e r m e d i a t e  
t e m p e r a t u r e s  t2, t 3 . . . . .  t n i n c r e a s e ,  whi le  the  a r e a s  in the  l a t e r  s t a g e s  i n c r e a s e .  T h e r e  i s  a t u r n i n g  po in t  
in the  s u m  of t he  a r e a s  in th i s  s y s t e m  of f l u i d i z e d - b e d  e x c h a n g e r s  hav ing  i n t e r m e d i a t e  t e m p e r a t u r e s  A F i  
A F i + I ,  which  can  be r e p r e s e n t e d  as  F = f ( t 2 ,  t 3 . . . . .  tn) ,  the  m i n i m u m  o c c u r r i n g  fo r  Wh, Wc, t l ,  t n + l ,  01, 
0n+ i , a l l  cons t an t .  

To d e t e r m i n e  the  c r i t i c a l  po in t s  in (7) we t ake  the  p a r t i a l  d e r i v a t i v e  

OF --Wh [ K e _ , ( t ~ - l - - O i + ~ ) ( t i - 7 0 , : - O - - K ~ ( t i - - O i ) ( l i + ~ - - O i )  ] 
Ot I K~_IK i (t~ - -  0~) (t~_-I - -  01) (t~ - -  0~-1) " (8) 

The  p a r t i a l  d e r i v a t i v e  of (8) i s  z e r o ,  i n f in i t e ,  o r  has  no va lue  at  a c r i t i c a l  point .  We equa te  the  n u m e r a t o r  
and d e n o m i n a t o r  in  (8), in t u r n ,  to z e r o  to ge t  f o r  hea t  e x c h a n g e r  i tha t  

K~-I (t~-+1 --0i+,) (tl - -  0,-_ 1) - -  K~ (t I - -  0i) (t~+l - -  0i) = 0, (9) 

ti - -  0~ = 0, (10) 

t~+~ - -  0~ = 0, (11) 

ti - -  0i-1 = 0. (12) 

It  i s  found tha t  (7) has  a m i n i m u m  f o r  the  t i de f ined  by (9). 

We have  f r o m  (4) tha t  

wt~ - -  O~ = c~ - -  const. (13) 

We pu t  

t i + t  - -  0~+l  = c 2 . ( 1 4 )  

We s o l v e  (9) wi th  (13) and (14) to ge t  

t~ K iw  (I - -  w) + t i [c~ (K~-l - -  K~) + 2wKicl] - -  K~-lO~-lcz ~ K ~c~ (Q -i- t~+~) = O. (15) 
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T A B L E  1, T o t a l  Su r f ace  A r e a  o f  a T w o - S t a g e  C o u n t e r c u r r e n t  R e -  
c u p e r a t o r  in  R e l a t i o n  to the  T e m p e r a t u r e  be tween  S t ages  ( in i t ia l  
v a l u e s  t 1 = 1000~ 8 s = 0~ Wc = 10"10 s W/deg )  

0,, oc t,, ~ ~h, W/deg KI' Ke, Curve 
W/m~;deg W/m ~" deg t, opt ,~ No. 

700 
�9 700 
700 
350 
350 

533 
533 
533 
300 
650 

15.10 s 
15.10 s 
15.10 s 
5.103 

10.10 s 

50 
50 

100 
~0 
50 

50 
I00 
50 
50 
50 

800 
830 
770 
580 
825 

Then  

h = (Kf - -  K~-1) c~--  2wKicl V-[(K~--Kz-1) c~--2wKtcll~q-4K~w ( l - -w)  [Ki_zOi_lc~+K~c x (ci+ ti '-01 (16) 
2Ktw (1 - - w )  =t= 2K~w (1 : - w )  ' 

Note  tha t  the  t i have  to  be d e t e r m i n e d  d i r e c t l y  f r o m  (1 5) i f  w = 1. 

In s o l v i n g  (8) we g e t  a s y s t e m  of n - -1  equa t ions  of the  type  of (9) wi th  n - -  1 unknown t e m p e r a t u r e s ;  we 
s o l v e  t h e s e  to d e t e r m i n e  the  o p t i m u m  t e m p e r a t u r e s ,  i . e . ,  t hose  which  g ive  m i n i m a l  F .  

Equa t ion  (15) a l l ows  one to d e t e r m i n e  t 2 d i r e c t l y  f o r  a t w o - s t a g e  e x c h a n g e r .  A n u m e r i c a l  me thod  was 
u s e d  to  s o l v e  (7} with  a P r o m i n '  c o m p u t e r  and to  d e r i v e  F = f ( t  2) f o r  a t w o - s t a g e  s y s t e m  (Fig .  2). T a b l e  1 
g i v e s  the  i n i t i a l  da t a  u s e d  in c a l c u l a t i n g  the  t o t a l  s u r f a c e  a r e a  and the  o p t i m u m  t e m p e r a t u r e s  a s  de f ined  by 

(16). 

The following conclusions are drawn from the results. 

1. The total area as a function of the temperature of the hotter fluid has a turning point; (16) defines 
the temperatures of the hotter medium between the stages such as to make F minimal. 

2. The total area decreases if one of the heat-transfer coefficients increases, no matter in which 
stage this occurs (curves 2 and 3). This also affects the optimal temperatures and hence the relationship 
between the surface areas F I and F 2. Since the early stages (reckoned along the course of the hotter medium) 
operate at the higher temperatures, they have to be made of more costly steels, so one should attempt to in- 
c r e a s e  t he  h e a t - t r a n s f e r  c o e f f i c i e n t s  in  the  f i r s t  s t a g e s .  

3. The  c l o s e r  w i s  to  1,  the  l e s s  the  c u r v a t u r e  of F = f ( t  2), i . e . ,  the  l e s s  the  e f fec t  of t 2 on F .  

We g e t  two equa t ions  of  the  f o r m  of (16) in d e t e r m i n i n g  the  o p t i m a l  t e m p e r a t u r e s  fo r  a t h r e e - s t a g e  s y s -  

t e m ;  we s u b s t i t u t e  the  known quan t i t i e s  (input da ta)  to  ge t  

t3 = a l  • V ~  , (17)  
a4 

t. = a~ + V ~  (18) 
as 

Then  (17) de f ines  the  t 3 f o r  which  F = f ( t 2 , t  3) has  a c o n d i t i o n a l  m i n i m u m ,  i . e . ,  a m i n i m u m  f o r  s o m e  
p a r t i c u l a r  va lue  of  t 2. S i m i l a r l y ,  (18) de f ines  a c o n d i t i o n a l  m i n i m u m  f o r  a g iven  va lue  of t 3, i . e . ,  f o r  a s e r i e s  

of v a l u e s  of t 3 we ge t  a f a m i l y  of F = f ( t  2) c u r v e s  (Fig .  3). 

The  a b s o l u t e  m i n i m u m  c o r r e s p o n d s  to the  l e a s t  va lue  out  of  the  F = f ( t  2) m i n i m u m .  

Subs t i t u t i on  of  (17) in to  (18) g i v e s  a f o u r t h - d e g r e e  equa t ion  f o r  t he  p a r a m e t e r s  a t  t h e  a b s o l u t e  m i n i -  
m u m ;  t h e r e  a r e  c e r t a i n  d i f f i c u l t i e s  in s o l v i n g  th i s  in  g e n e r a l  f o r m ,  and t h e r e f o r e  i t  i s  b e t t e r  to u s e  n u m e r i c a l  

o r  g r a p h i c a l  m e t h o d s  to s o l v e  (17) and (18). 

An equa t ion  of  d e g r e e  g r e a t e r  than 5 is  ob t a ined  in d e t e r m i n i n g  the m i n i m u m  of the  funct ion  F =f ( t  2, t 3 . . .  
tn) i f  the  n u m b e r  of s t a g e s  i s  m o r e  than  3; in g e n e r a l ,  i t  i s  l i t e r a l l y  i m p o s s i b l e  to d e r i v e  a g e n e r a l  s o l u t i o n  to 
such  an equa t ion ,  and t h e r e f o r e  n u m e r i c a l  m e t h o d s  have  to be e m p l o y e d .  

A n u m e r i c a l  m e t h o d  has  been  u s e d  with  a c o m p u t e r  to s o l v e  (7} f o r  a t h r e e - s t a g e  s y s t e m  with the  fo l low-  
ing  input  da t a :  K I = K 2 = K 3 = 50 W / m 2 - d e g ,  t l  = 1000~ 01 = 700~ 04 = 0~ Wh = 15-103 W / d e g ,  w c = 10-103 
W / d e g ;  F i g .  3 shows  the r e s u l t s .  A l s o ,  (17) and (18) w e r e  s o l v e d  g r a p h i c a l l y  fo r  the  above  c o n d i t i o n s .  The  

t e m p e r a t u r e s  c o r r e s p o n d i n g  to  the  a b s o l u t e  m i n i m u m  w e r e  t 2 = 870~ t s = 710~ 
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Fig. 2. Total  surface a rea  F (m 2) as a function of t 2 (~ the tempera ture  of the 
heating medium between s tages ,  for  a two-stage countercur ren t  heat exchanger:  
1-5) see Table 1. 

Fig. 3. Total surface a rea  F (m 2) as a function of t 2 (~ the tempera ture  of the 
heating medium between s tages ,  for a th ree -s tage  countercurrent  heat exchanger  
for t 3 (~ of: 1) 650; 2) 670; 3) 710; 4) 770. 

The computer  resul ts  agree with those f rom graphical  solution of (17) and (18). 

Comparison of Fig .2  (curve 1) and Fig .3  (curve 3) shows that the total a rea  decreases  as the number  of 
stages inc reases ,  other conditions being the same.  

Therefore ,  the total a rea  in a countercur ren t  heat-exchange sys tem is dependent on the choice of the in- 
termediate  t empera tu res ;  if the t empera tu res  between stages are  chosen a rb i t ra r i ly ,  the tempera ture  of the 
cooler  medium in the stage with the l a rge r  area may be less than that in the stage with the sma l l e r  a rea .  

N O T A T I O N  

t t , tn ,  t empera tures  of heating fluid at the inlets to the f i rs t  and last stages;  01, On, tempera tures  of the 
heated fluid at the outlets f rom the f i r s t  and last  s tages;  Wh, Wc, water equivalents of the heating and heated 
(cold) fluids; w = Wh/Wc, ratio of water equivalents of the heating and heated fluids; K1, Ki, Kn, hea t - t r ans fe r  
coefficients of the f i rs t ,  i - th,  and last  s tages;  F~, F i, Fn, hea t - t r ans fe r  areas  of the f i rs t ,  i - th ,  and last  
s tages;  F, total a rea  of all the stages;  a i, constant coefficients.  
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